We consider a tower of function fields F = (F n ) n≥0 over a finite field F q and a finite extension E/F 0 such that the sequence E := E·F = (EF n ) n≥0 is a tower over the field F q . Then we deal with the following: What can we say about the invariants of E; i.e., the asymptotic number of the places of degree r for any r ≥ 1 in E, if those of F are known? We give a method based on explicit extensions for constructing towers of function fields over F q with finitely many prescribed invariants being positive, and towers of function fields over F q , for q a square, with at least one positive invariant and certain prescribed invariants being zero. We show the existence of recursive towers attaining the DrinfeldVladut bound of order r, for any r ≥ 1 with q r a square, see [1, Problem-2]. Moreover, we give some examples of recursive towers with all but one invariants equal to zero.
Introduction
M. A. Tsfasman [21] introduced the notion of asymptotically exact sequences of function fields over finite fields and studied on the invariants β r (F) := lim n→∞ (the number of places of F n /F q of degree r)/(genus of F n ) for any such sequence F = (F n ) n≥0 with r ≥ 1. The sequences for which β r exists and big are useful in information theory to obtain good algebraic geometric codes and bounds for multiplication complexity in finite fields. S. Ballet and R. Rolland [1] showed that these particular sequences have large asymptotic class number. In particular, one is interested in the exact sequences with small deficiency, i.e., the difference between the right hand side and the left hand side of the inequality (1), which is related to the limit distribution of zeroes of zeta functions, see [22] . Lebacque [15] gave an asymptotic estimate for the deficiency of some towers of function fields. In 2007, Hasegawa [10] and Lebacque [14] independently gave a proof of the existence of towers of function fields (which are asymptotically exact sequences, see Theorem 2.8(i)) with finitely many prescribed invariants β r > 0, using class field theory. However, in [17, p.64] ), it is mentioned that to find towers of function fields with at least one nonzero invariant and certain prescribed invariants being zero is more difficult.
The following open problem is stated in [1] : Find asymptotically exact sequences of function fields over any finite field F q , attaining the DrinfeldVladut bound of order r for any r > 2 (except in the case r = 4 and q = 2, which is solved in [1] ). Note that when q is a square and r = 1, there are several examples, namely optimal towers, see [5] . S. Ballet and R. Rolland [1] proved that for any prime power q there exists a tower attaining the DrinfeldVladut bound of order 2. Moreover, it is clear that the sequences attaining the Drinfeld-Vladut bound for some r have deficiency zero. However, apart from the case that q is a square, it is not known whether there are any exact sequences with deficiency zero. We also compute here the exact value of deficiency in all examples.
The organization of the paper is as follows.
In Section 2, we recall the basic definitions and introduce the notations. In Section 3, we give some bounds for the invariants of towers of function fields over finite fields. Then we prove the existence of towers with finitely many prescribed invariants being positive and give a method for the construction of such towers, by using explicit extensions. Moreover, we prove that one can construct towers over F q , for q a square, with at least one positive invariant and certain prescribed invariants being zero.
In Section 4, we give some examples of non-optimal recursive towers with all but one invariants equal to zero. This is analog to the the open problem given in [16, p.3] : Are there any infinite number fields (i.e., towers of number fields) with all but one invariants equal to zero. Moreover, we show that for any r ≥ 1, prime power q with q r a square, there are recursive towers of function fields over F q attaining the Drinfeld-Vladut bound of order r.
In the last section, we give some new observations mainly concerning the quantity A r (q), namely the r-th Ihara's constant (see Definition 2.3), for any prime power q and positive integer r.
Preliminaries
Throughout this paper, we use basic facts and notations as in [20] . For an algebraic function field F/F q (with the finite field F q as its full constant field), we denote by N (F ), g(F ) and P(F ) the number of degree one places, the genus and the set of all places of F/F q , respectively. For r ≥ 1, define B r (F ) := # {P ∈ P(F )| deg P = r} .
In particular, B 1 (F ) = N (F ). In [21] , M. A. Tsfasman studied asymptotic properties of the numbers B r (F ) in sequences of function fields over F q . Specifically, he introduced the following concept: Definition 2.1. A sequence S = (F n ) n≥0 of function fields F n /F q is called asymptotically exact, if g(F n ) → ∞ as n → ∞, and for all r ≥ 1 the limit
For those numbers, one obtain the following bound [ 
Definition 2.3. For every r ≥ 1, the real number
where F runs over all function fields over F q of genus g > 0 is called the r-th Ihara's constant. Moreover, the difference between the right hand side and the left hand side of the inequality (1) is called the deficiency of the sequence F. This is related to the limit distribution of zeroes of zeta functions, for details see [22] .
As a consequence of Theorem 2.2, one has Corollary 2.4.
In this paper we will consider specific sequences of function fields over F q , namely towers. We will show that they are asymptotically exact, and we will study their invariants defined in Definition 2.7.
An infinite sequence
all extensions F i+1 /F i are finite separable, and g(F n ) → ∞ as n → ∞.
Proposition 2.5. Let F = (F n ) n≥0 be a tower over F q , P ∈ P(F 0 ) and r ≥ 1. Set B r (P, F n ) := # {Q ∈ P(F n ) : Q|P and deg Q = r} .
Then the sequence
is convergent.
Proof. Our proof is similar to T. Hasegawa's proof that the sequence (B r (F n )/g(F n )) n≥0 is convergent (cf. [9, Proposition 2.2]). We proceed by induction over r. For r = 1, the sequence ( 
Hence, we can assume that d | r.
Consider the constant field extension of F with the field F q r ; i.e.,
This is clearly a tower over F q r . The place P ∈ P(F 0 ) splits into P 1 , . . . , P d ∈ P(F 0 ·F q r ) of degree one, and all places of F n of degree s | r split into s degree one places of F n · F q r /F q r . Hence, the following formula holds (cf. [20, p. 206 ]):
By induction hypothesis, the sequences
are convergent for s < r. Hence also the sequence (B r (P,
Corollary 2.6. Let F = (F n ) n≥0 be a tower over F q , P a place of F 0 and r ≥ 1. Then the sequences
are convergent.
Proof. We recall that the sequence (g(F n )/[F n : F 0 ]) n≥0 is convergent in R + ∪ {∞}, and its limit
is called the genus of F, see [20, p.247 ] . The converges of the sequence (B r (P, F n )/g(F n )) n≥0 follows then immediately from Proposition 2.5 and
also the other sequences in Corollary 2.6 are convergent.
As a consequence, the following definitions make sense:
Definition 2.7. Let F = (F n ) n≥0 be a tower over F q , let P ∈ P(F 0 ) and r ≥ 1. Define the real numbers
We call ν r (P, F) and β r (P, F) local invariants at P , ν r (F) and β r (F) global invariants of F. Note that the definition of β r (F) is consistent with Definition 2.1. The sets Supp(F) := {P ∈ P(F 0 ) : ν r (P, F) > 0 for some r ∈ N} and
are called the support and the set of the positive parameters of F, respectively.
We summarize as follows:
Theorem 2.8. Let F = (F n ) n≥0 be a tower over F q . Then one has:
(i) For all r ≥ 1, the limit
exists; i.e., the tower is asymptotically exact.
(ii) (Generalized Drinfeld-Vladut bound and Deficiency)
and the difference between the right hand side and the left hand side of this inequality is called the deficiency of F.
(iii) (Drinfeld-Vladut bound of order r) For all r ≥ 1,
where A r (q) is the r-th Ihara's constant.
(iv) Let P ∈ P(F 0 ) and r ≥ 1. Then
where γ(F) is the genus of the tower (see Equation (2)).
(v) For all r ≥ 1,
Henceforth, we consider a tower F = (F n ) n≥0 of function fields over F q and a finite separable extension E of F 0 . For convenience, we assume that E, F 0 , F 1 , . . . are all contained in a fixed algebraically closed field Ω. For simplicity, we set F := F 0 and denote by E := E · F the sequence E = (E n ) n≥0 , with E n := EF n , of function fields over F q .
If furthermore the sequence E is a tower over F q such that E/F and F n /F are linearly disjoint for all n ≥ 1, we call E the composite tower of F with E/F . We will here mainly be interested in the invariants of composite towers. From now on, for any place P ∈ P(F ) with an extension Q in E, we denote by -e(Q|P ), f (Q|P ), d(Q|P ) the ramification index, relative degree and the different of Q|P , respectively, and -k(P ) the residue class field of P .
Main Results
As for any tower E/F q , the invariant β r (E) = ν r (E)/γ(E) for any r ≥ 1, it is enough to estimate ν r (E) and γ(E). In Section 3.1 we assume that E := E ·F is a composite tower of a tower F with E/F of degree m := [E : F ].
Bounds for the invariants of a composite tower
We begin with a lemma concerning the splitting of places in the compositum of function fields, [20, Proposition 3.9.6(a)].
Lemma 3.1. Let E/F and F /F be finite separable extensions of function fields contained in an algebraic closure of F . Suppose that P is a place of F which splits completely in the extension F . Then every place Q of E lying above P splits completely in the compositum EF . Proposition 3.2. For the composite tower E, for any s ≥ 1, we obtain
Proof. Let Q ∈ P(E) and P := Q ∩ F such that P splits completely in F. Then by Lemma 3.1, Q splits completely in E n for all n ≥ 1. Hence,
which yields ν s (Q, E) = 1, and so by Theorem 2.8(v) the proposition follows.
Remark 3.3. For any d ≥ 1 and P ∈ P(F ), the following holds:
Proof. The proof follows from the following argument. Let P n ∈ P(F n ) (for any n ≥ 1) lying above P of deg P n = d for some d ≥ 1. Then for any extension Q n of P n in E n , we have f (Q n |P n ) = r for some 1 ≤ r ≤ m, and so deg Q n = rd.
Proposition 3.4. Let Q ∈ P(E) and P := Q ∩ F . Then for all s > 0,
Proof. Let Q n be an extension of Q in E n of degree s and P n := Q n ∩ F n , for any n ≥ 1. Then clearly P n |P and deg
Conversely, any place P n of F n lying above P with deg P n = d, and satisfying d ≥ s m has at most md s extensions of degree s in E n , by using Fundamental Equality [20] . Hence,
Then dividing by [E n : E] of both sides of (4) yields the bound for ν s (Q, E). Then the desired bound for ν s (E) follows, by using Theorem 2.8(v).
Corollary 3.5. For the tower E, we obtain that
(ii) if P(F) is finite, then P(E) is also finite.
Notice that as for a given integer r > 0 there are finitely many places of degree dividing r, if P(F) is finite, then the set Supp(F) is also finite. Furthermore, when γ(F) < ∞, by Theorem 2.8(iv), for any r ∈ P(F), we have β r (F) > 0, and moreover, by Theorem 3.13, γ(E) < ∞, and hence β s (E) > 0 for all s ∈ P(E).
We also note here that until now there are no known asymptotically exact sequences of global fields with infinite set of positive parameters.
Construction of composite towers with prescribed invariants
Now we will give a method for constructing towers with certain prescribed invariants. We say that a tower F containing F is pure, if for all P ∈ P(F ) and r ∈ N, the inequality ν r (P, F) > 0 implies deg P = r and ν s (P, F) = 0 for all s = r. In this part, we will prove our main result: Theorem 3.6. Let F/F be a tower over F q with a finite support and let N ⊂ N be a non empty finite set. Then there exists a finite separable extension E/F such that E := E · F is a composite tower with
and
(ii) If furthermore F/F is pure, then for all s ∈ N,
To be able to prove Theorem 3.6, we begin with some results which will be used to construct an appropriate extension E/F such that E := E · F is a composite tower over F q with certain properties. Proposition 3.7. Let F/F q be a function field with a finite set S ⊆ P(F ) of pairwise distinct places, and a place R ∈ P(F ) \ S. For each P ∈ S let N P ⊂ N be a finite set such that f ∈N P f are equal for all P ∈ S. Then there is a finite separable extension E of F such that (i) [E : F ] = m where m := f ∈N P f , and R is totally ramified in E.
(ii) For each P ∈ S, f ∈ N , there exists exactly one extension Q of P in E/F q with f (Q|P ) = f .
(iii) There is y ∈ E such that E = F (y) and 1, y, . . . , y m−1 is an integral basis for E/F at all P ∈ S.
Proof. For each P ∈ S, we set
where
is a monic polynomial which is irreducible over k(P ) of deg g f = f . Then by the Weak Approximation Theorem [20] , for each k = 0, . . . , m, there exist elements b 1 , . . . , b m ∈ F such that
. . , m − 1 and P ∈ S, and
Note that w.l.o.g we can take b m := 1. Now we set ϕ(
. Then ϕ(T ) ≡ ϕ P (T ) over k(P ) for P ∈ S, and by the generalized Eisenstein's Irreducibility Criterion [20] with the place R, the polynomial ϕ(T ) is irreducible over F . Set E := F (y) where y is a root of ϕ(T ). Hence, [E : F ] = m and by the same irreducibility criterion, R is totally ramified in E, and so assertion (i) follows. Then by applying Kummer's Theorem [20] , (ii) follows. Note that E/F is separable, since by Kummer's Theorem each P ∈ S is unramified in E. Then (iii) is clear from the factorization of ϕ(T ) over k(P ).
Remark 3.8. In Proposition 3.7, the elements in the set N P does not have to be distinct if for each P ∈ S and f ∈ N P , there are monic polynomials g(T ) ∈ O P [T ] which are pairwise distinct and irreducible over k(P ) of deg g(T ) = f . Lemma 3.9. Let E/F and F /F be finite separable extensions of function fields in some algebraic closure of F . Suppose that F q is algebraically closed in F and F , and there is a place P of F that is totally ramified in E/F and unramified in F /F . Then E/F and F /F are linearly disjoint and F q is algebraically closed in EF .
Proof. The linear disjointness follows from the existence of P and Abhyankar's Lemma [20] . Let L/F q be a finite extension of F q . Then P is unramified in the constant field extension F L. Hence, again by applying Abhyankar's Lemma, we obtain that EF /F and F L/F are linearly disjoint, and so
This gives that EF ∩ L = F q , as F q is algebraically closed in F . Since this holds for any finite extension L/F q , we obtain that F q is algebraically closed in EF .
Lemma 3.10. Let F/F q be an algebraic function field and let E, F and E be finite separable extensions of F such that E = EF . Suppose that E/F and F /F are linearly disjoint.
(i) Set E := F (y), m := [E : F ], and consider the set M := P ∈ P(F ) : {1, y, . . . , y m−1 } is an integral basis for E/F at P .
Let P ∈ M, P ∈ P(F ) with P |P . Suppose that e(P |P ) is coprime to any ramification index of P in E. Then above P and each Q ∈ P(E) with Q|P there are exactly gcd(f (Q|P ), f (P |P )) places Q ∈ P(E ), and moreover, for each such place Q ,
(ii) Set n := [F : F ]. Then
Proof. (i) We first note that by [20, Theorem 3.3.6], the set M contains almost all places of F . Fix a place P ∈ M with an extension P in E satisfying the given assumption. Let ϕ(T ) ∈ O P [T ] be the minimal polynomial of y over F andφ
be the decomposition ofφ(T ) into irreducible factors over k(P ). Then by Kummer's Theorem [20] , for 1 ≤ i ≤ r, there are places Q i ∈ P(E) satisfying
and these are all extensions of P in E. For each 1 ≤ i ≤ r, set
Then asḡ i (T ) is irreducible over k(P ), it is separable, and sō
whereh i1 (T ), . . . ,h is i (T ) are pairwise distict, monic, irreducible polynomials in k(P )[T ] of degh ij (T ) = k i for all 1 ≤ j ≤ s i , and
Again by Kummer's Theorem, for 1 ≤ j ≤ s i , there are places Q ij ∈ P(E ) satisfying
Moreover, as h ij (T ) | g i (T ), it follows that each Q ij |Q i . We need to prove that these are all extensions of Q i and P , then the first part of assertion (i) follows, by (10) . Since by assumption e(Q i |P ) and e(P |P ) are coprime, it follows from Abhyankar's Lemma [20] that
As this holds for all 1 ≤ i ≤ r, by using (8), (11) and (12), we obtain that
Hence, for each 1 ≤ i ≤ r, we get
and Q i1 , . . . Q is i are all places of E lying over Q i and P . Then (6) is clear, by (13) .
(ii) We first claim that d(Q |P ) ≤ e(Q |Q)d(Q|P ) for any Q ∈ P(E ), P := Q ∩ F , Q := Q ∩ E and P := Q ∩ F . Using this claim, the proof of (ii) will follow:
where Con E /E is the conorm map and Dif f is the the different. Hence, by [20, Corollary 3.1.14],
By using (14) and the Hurwitz Genus Formula for the extensions E /F and E/F , we get
from which (ii) follows. Now to prove the claim, consider the completionsF ,Ê,F andÊ with respect to the places P, Q, P and Q . Since the different is preserved by completion, see [18, p.52, Proposition 10], it sufficies to prove it in the comleted setting. By [18, p.57, Proposition 12] , there is α ∈Ê such that
) be the minimal polynomial of α overF (resp. overF ). By Gauss Lemma [11] , we can write
Thus, by using [18, p.56, Corollary 2], the desired result follows:
Theorem 3.11. With the same notations as in Lemma 3.10, suppose that E := E · F is a composite tower of F/F q . Let P ∈ M such that e(Q|P ) is coprime to any ramification index of P in F, for all Q ∈ P(E) with Q|P . Then for any Q|P and s ≥ 1,
Proof. Set E := E n , F := F n , for any n ≥ 1. By Lemma 3.10(i), there are gcd(f (Q|P ), f (P |P )) places Q ∈ P(E ) above any fixed Q, P lying over P ∈ M , and moreover for each such place Q ,
In particular, s := f (Q |P ) = lcm((f (Q|P ), f (P |P )), and so d := f (P |P ) divides s. Conversely, for any P |P with d = f (P |P ) such that s = lcm(f (Q|P ), d) has an extension Q in E with f (Q |P ) = s. Hence,
Since in general lcm(af, ad) = as if and only if lcm(f, d) = s, we can write the summation indices in terms of absolute degrees instead of relative degrees with respect to P as base place, and obtain
Dividing by [E : E] and then taking the limit as n → ∞ proves the theorem.
Proof of Theorem 3.6. It is enough to prove (i), then (ii) is immediate. By applying Lemma 3.9 and Proposition 3.7 with the set S := Supp(F) and N P = N for each P ∈ Supp(F), one can construct an extension E/F such that E = E · F is a composite tower of F and for each f ∈ N , any P ∈ S has exactly one extension Q in E with f (Q|P ) = f and these are the only extensions of P in E. Moreover, by the construction of E/F , all places P ∈ S are unramified in E and S is contained in the set M defined in Lemma 3.10.
By Corollary 3.5 and the construction of E/F , and Theorem 3.11, the statement (5) is immediate. Therefore, for any s ≥ 1, by using Theorems 3.11 and 2.8(v), we get
We note here that in the case that Supp(F) is infinite, one can apply Theorem 3.6 with a finite subset S ⊆ Supp(F) and gets a finite subset of Supp(E).
As there are many towers over a given finite field F q with non empty finite support, such as many of the class field towers and the recursive towers (see Section 4), Theorem 3.6 can be often applied. More specifically, since there are many towers F over F q 2 attaining the Drinfeld-Vladut bound of order one, i.e., P(F) = {1} (see Example 3.15), by using Theorem 3.6(ii) one gets immediately the following consequence:
Corollary 3.12. For any given set M ⊂ N, there exists a tower of function fields E over F q 2 with
Proof. Let N ⊆ N \ M be a finite set. Consider a tower F over F q 2 with P(F) = {1}. Then by Theorem 3.6(ii), there is a composite tower E of F over F q 2 with P(E) = N, and hence the corollary follows.
Computation of the genus of a composite tower and an aplication
In this part, we assume that E := E · F is a composite tower over F q with E/F . We begin with the computation of the genus γ(E) of the tower E, under certain conditions. We first note that for a tower F = (F n ) n≥0 over F q if the set R := {P ∈ P(F ) : P is ramified in F n for some n ≥ 1} is finite, then by [7, Lemma 3.4] , the following limit exists:
Theorem 3.13. Set m := [E : F ]. For the genus γ(E) the following hold:
If furthermore all P ∈ R are unramified in E, then the second equality holds.
(ii) If R is finite, α(F) = 0 and all P ∈ R are tame in E, then
Proof. The assertion (ii) is given in [7, Theorem 3.6] . The proof of the second part of (i) is with minor modifications the same as that of (ii). Hence, we need just to prove the first part of (i). By using the Hurwitz Genus Formula [20] , one can easily conclude that g(E n ) ≥ mg(F n ) − m for all n ≥ 0, and so γ(E) ≥ mγ(F).
Next, to prove the second inequality we apply Lemma 3.10(ii), with E := E n , F := F n , for any n ≥ 1, which yields
Dividing by [E : E] = [F : F ] and then taking the limit as n → ∞ gives the assertion.
Remark 3.14. In the second part of Theorem 3.13(i), when g(F ) = 0, Castelnouvo's Inequality [20] holds for the function fields E/F q , F n /F q with their compositum E n .
Example 3.15. Let N ⊂ N be a finite set and set m := f ∈N f . Consider the tower F = (F n ) n≥0 over F q 2 , with (m, q) = 1, which is studied in [5] . The tower F is defined by F = F q 2 (x 0 ), and F n+1 = F n (x n+1 ), where x n+1 satisfies the equation
n . This tower has the following properties:
• Supp(F) = {P ∈ P(F )| x 0 (P ) = α for some 0 = α ∈ F q 2 }, P(F) = {1} and ν 1 (P, F) = 1 for all P ∈ Supp(F).
• R := {P 0 , P ∞ } ⊆ P(F ), where P 0 (resp. P ∞ ) is the zero (resp. the pole) of x 0 , is the set of ramified places in F.
• P ∞ is totally ramified in F, and γ(F) = q + 1.
• β 1 (F) = q − 1, i.e., F attains the Drinfeld-Vladut bound of order one.
• α(F) = 0, see [5, Lemma 2.9] or [7, Example 3.8(v) ].
Let E := F (y) with y a root of the polynomial
where g f ∈ F q 2 [T ] is a monic, irreducible polynomial of deg g f (T ) = f . Then the following hold:
(i) P ∞ is clearly totally ramified and by Kummer's Theorem P 0 is unramified in E. Thus, E/F is a separable extension of degree [E : F ] = m.
(ii) Since [F n+1 : F n ] = q and (m, q) = 1, by using Abhyankar's Lemma [20] , we obtain that P ∞ is totally ramified in E n := EF n for all n ≥ 1.
Thus, E/F and F n /F are linearly disjoint and F q 2 is algebraically closed in E n . Hence, E := E · F is a tower over F q 2 .
(iii) E/F q 2 (y) is an elementary abelian extension. Then one can easily conclude that only the pole of y, say Q ∞ , is ramified in E/F q 2 (y), with the extension Q ∞ . Moreover, e(Q ∞ |Q ∞ ) = q 2 and d(Q ∞ |Q ∞ ) = (m + 1)(q 2 − 1). Now it follows from the Hurwitz Genus Formula [20] for the extension E/F q 2 (y) that the genus of E is
(iv) By Kummer's Theorem, each place P ∈ Supp(F) is unramified in E and has exactly one extension of degree f in E, for each f ∈ N .
(v) All places P ∈ Supp(F) split completely in F, as ν 1 (P, F) = 1.
By combining (i), (ii), (iii) and applying Theorem 3.13(ii), we obtain that
Now since the extension E/F has all properties in Proposition 3.7, by using Theorems 3.11 and 3.6(ii), we obtain that
Supp(E) = {Q ∈ P(E) : Q ∩ F ∈ Supp(F)} , P(E) = N, and ν f (Q, F) = 1 for all Q ∈ Supp(E) with some f ∈ N , and so ν f (E) = q 2 − 1.
Then by Theorem 2.8(iv) and (15), we get
Remark 3.16. In Example 3.15, the deficiency
which depends on m, q and the set N . Thus, by an appropriate choice of m, q and N , one can construct many different towers E/F q 2 with distinct δ.
Examples
4.1 Non-optimal recursive towers with all but one invariants zero
We first recall that a non-optimal tower means; a tower which does not attain the generalized Drinfeld-Vladut bound given in Theorem 2.8(ii). We begin with some simple remarks, which we will apply in the subsequent examples.
Remark 4.1. Let F = (F n ) n≥0 . For any n ≥ 1, we have that
where µ denotes the Mobius function (see [20, p.207] ). Therefore, Clearly, if t r, then there is nothing to prove. So we assume that r = t n s for some n ≥ 1 and t s, where s is an integer. We set d := tk where k is a factor of r t . Then
Hence, since r = t n s, the result follows. 
Hence, if r is not divisible by 3, then clearly β r (F/F q ) = 0. Now suppose that 3 divides r. By applying Remark 4.2 with t = 3, the following holds:
This example implies that for q = 2 e where 3 e, we have
Notice that for q = 2, we get a lower bound close to the Drinfeld-Vladut bound of order 3 with the deficiency δ(F/F 2 ) = 0.17962. Now by applying Remark 4.2 with t = 1, we obtain that P(F/F 9 ) = 1 with β 1 (F/F 9 ) = 2 3 .
Thus, its deficiency δ(F/F 9 ) = We consider the tower F over F q , where q := p e with 2 not dividing e. Then, by applying Remark 4.2 with t = 2, we obtain that
Thus, the tower F over F p attains the Drinfeld-Vladut bound of order 2.
Corollary 4.7. In the following cases there exists a non-optimal recursive tower over F q with all but one invariants zero:
(i) q = 2 e with 3 not dividing e,
(ii) q = 3 e with e = 2 or 4,
(iii) q = p e with p ≥ 3, e > 2 and 2 not dividing e.
Proof. See Examples 4.3, 4.4, 4.5, and 4.6, respectively.
Recursive towers attaining the Drinfeld-Vladut bound of order r
Example 4.8. Let q r be a square and F be the tower defined by the equation y q r/2 + y = x q r/2 x q r/2 −1 + 1 (16) over a finite field F p e , for some e ≥ 1. Then by Example 5.7 in [3] , we have
Now consider the tower E/F q r defined by (16) , which is studied in [6] . Then from Remark 4.1, we get
which implies that β r (E/F q ) = q r/2 − 1 r = A r (q). over F q r , with q r a square, is optimal and from [6, Remark 3.11, Corollary 2.4], we have that β 1 (E) ≥ β 1 (T ), and so β 1 (T ) = q r/2 − 1 over F q r , 0 over F p e where F q r F p e .
Then with the same reason as in the previous example we get that β r (T /F q ) = q r/2 − 1 r = A r (q).
Now from Examples 4.8 and 4.9 the following is immediate:
Corollary 4.10. For any r ≥ 1 and any prime power q such that q r is a square, there exists a tower of function fields over F q r attaining the generalized Drinfeld-Vladut bound of order r.
5 Some remarks on A r (q)
Here we consider an exact sequence F = (F n ) n≥0 of function fields over F q with its constant field extension FFq r of degree r for some r ≥ 1.
Lemma 5.1. β 1 (FF q r ) ≥ rβ r (F).
Proof. Since F n F q r is a constant field extension of F n /F q , we have that B 1 (F n F q r ) = i|r iB i (F n ) and g(F n F q r ) = g(F n ),
and therefore
By using Lemma 5.1, for any integer r ≥ 1 and prime power q, one gets Corollary 5.2. A(q r ) ≥ rA r (q).
This fact might be well-known, but we could not find any reference in the literature.
Next, one can easily conclude from Lemma 5.1 that if for some r ≥ 1 the sequence F/F q attains the Drinfeld-Vladut bound of order r, then the sequence FF q r /F q r attains the classical Drinfeld-Vladut bound, i.e., of order one. Furthermore, in that case we have q r/2 − 1 ≥ A(q r ) ≥ β 1 (FF q r ) ≥ rβ r (F) = rA r (q) = r q r/2 − 1 r = q r/2 − 1, which implies that A(q r ) = rA r (q) = q r/2 − 1.
We note here that it follows from Corollary 4.10 that for any square q r , the equality (18) holds. However, in the case that q r is not a square, it is not known whether there exists any asymptotically exact sequences of algebraic function fields over a finite field F q attaining the Drinfeld-Vladut bound of order r. Therefore, the following question arises:
Problem: Are there any integers r ≥ 2 and any prime power q, except when q r is a square, such that the following holds:
A(q r ) = rA r (q)?
